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Preliminary lecture programme:

1. The particle universe: introduction, cosmological
parameters 
2. Basic cross sections for neutrinos and gamma-rays; 
IceCube
3. Density of relic particles from the early Universe
4. Dark matter: Direct and indirect detection methods; 
the galactic centre & other promising DM sources
5. Neutrinos and antimatter from dark matter, 
Sommerfeld enhancement. 
6. Particular dark matter candidates (WIMPS, Kaluza-
Klein particles, sterile neutrinos,…) 
7. Supersymmetric dark matter, DarkSUSY.
8. Diffuse extragalactic gamma-rays, Primordial black 
holes, Hawking radiation
9. Gravitational waves
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What would be the mass scale of quantum gravity? (If such a 
theory exists…)

m1 m2

r

F F

Dimension : [1 N]=[1 kg m/s2]=[ML/T2]

Classical gravity

Quantum mechanics: 

Einstein’s relativity:

Planck’s idea: What combination of GN, h and c has the dimension of mass, 
and what is that mass?

Make Ansatz

Newton:
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[GN] = [M-1L3T-2]

[h] = [p][x] = [ML2T-1]

[c] = [LT-1]

Demand

mass

This gives

(2) + (3) gives

and so

…the problem of the quantum of 
action will not cease to inspire 
research and fructify it, and the 
greater the difficulties which 
oppose its solution, the more 
significant it finally will show itself 
to be for the broadening and 
deepening of our whole knowledge 
in physics. Max Planck, Nobel 
Lecture, June 2, 1920.
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We have now derived the famous Planck mass,

Inserting numbers for the measured constants, one finds

So the Planck mass is gigantic compared to the proton mass!
In some treatments of general relativity one puts this gigantic mass equal
to unity, which may simplify equations containing GN. We will however use
another convention, which is very useful when dealing with particles like 
protons, quarks, etc. (In fact also for most dark matter candidates.) First, 
since we have learned how to get back factors of h and c using dimensional
analysis, we may simply put h = c = 1. This means that all dimensionful
factors will be expressed in powers of mass only. This mass is also an 
energy since E = mc2, and we have put c = 1.
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As the energy unit we choose the electron Volt, 

or rather GeV, 1 GeV = 109 eV. The proton mass happens to 
be  rather close to 1 GeV (0.94 GeV to be more exact), and 
the Planck mass in this new mass unit is

We do not know for sure if this mass corresponds to the mass
of a particle, but if it does, it is much heavier than all other
known particles. For example, at low energies the weak
interactions are characterized by the fact that a particle, a 
gauge boson (W or Z) , is exchanged. The masses of mW and mZ

are 80 - 90 GeV. This is quite large compared to the proton 
mass and the electron mass (0.511 MeV), but extremely small 
compared to the Planck mass. At the particle level, gravity is 
thus extremely weak, even compared to the ”weak” 
interactions.  One may call it a ”super-weak” interaction.
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The Standard Model of particle physics
Quark and lepton masses (all have spin-1/2):

Probably the most important property of the second and third families is 
that the quarks and charged leptons of these decay within a small 
fraction of a second. The existence of three families was probably crucial
for causing a matter-antimatter asymmetry (by CP violation) in the early
universe, but the details are still unknown….
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The Standard Model of particle physics

Properties of the force carriers (gauge bosons):

Photons and gluons are massless because of a symmetry, gauge invariance. W 
and Z would also be massless due to gauge invariance, but the vacuum is not 
invariant (the Higgs mechanism). This gives masses to W and Z, and leads to 
the prediction of a Higgs boson. This will (hopefully) soon be tested at CERN’s
LHC.
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Simulation of a Higgs event in the LHC's ATLAS 
experiment. (Courtesy: CERN)
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Standard cosmological model: CDM model. (Assumes a 
homogeneous and isotropic average background)

Measurements on the cosmic microwave background gives (and 
inflationary theories predicted) k = 0 to good accuracy.

The scale factor a(t) follows equations derived from Einsteins 
equations in general relativity:

Friedmann’s equation

Acceleration equation

with  h  0.7
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Here, the total energy density is: 

and p is the total pressure. For an isotropic model, the components
of the energy-momentum tensor are 

and there is a relation                     
called the equation of state, which plays an important role for the 
evolution of the early universe. For matter,             (i.e. the 
pressure is negligible compared to the rest mass energy) , so w  0.
For radiation, p = r/3, so w = 1/3. In some other models (in 
particular brane models of extra dimensions), one may find w=1.
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(This form is thus dictated by the requirement of Lorentz invariance.) 
Compared with the general form of the energy-momentum tensor

we see that the equation of state is                      , i.e.                .
The vacuum energy thus acts as a fluid with negative pressure!

What is the equation of state for vacuum energy? This is easy to 
motivate from symmetry reasons. The energy momentum tensor
has to be proportional to the only available rank-2 tensor in empty
space-time, namely the (Minkowski) metric tensor in the cosmic
rest frame: 



2010-03-15 Lars Bergström, Saas-Fee School, 2010 13

What fills the universe? Particles and fields, we think.

Field: A quantity which is defined in all points of space and at all times. 

Particles: The lowest excitations of the field. A particle is characterized by 
the mass m, spin s, charge Q, and maybe other internal quantum numbers.

The lowest excitations of the field of energy E and three-momentum p can be 
quantized as harmonic oscillators fulfilling where the four-
momentum and                        .  For each possible momentum
mode, there will be a zero-point energy

However, these have to be summed up for all modes p and this means that 
there will be a huge zero-energy density
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The highly divergent integral has to be cut-off at some large energy
scale, and the first guess is the Planck mass, thus

The zero-point energy is really a consequence of the quantum 
mechanical commutator between the field and its canonical
momentum. However, for  fermions, anticommutators are used, 
meaning the sign of the vacuum energy is changed. So, introducing
the fermion number F = 1 for fermions, F = 0 for bosons, one gets

Remarkably, if there are as many fermionic degrees of freedom as 
bosonic, and they pairwise have the same mass, the vacuum energy
would vanish. Examples of theories having this property are 
supersymmetric theories, with unbroken supersymmetry.
However, since we don’t se 0.511 MeV scalar electrons (selectrons), 
supersymmetry is broken. Therefore large effects of the zero-point
energy remain, and with mSUSY (1000 GeV, say) the 
scale of SUSY breaking. Better, but still enormously much ”too high”.
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Compton scattering:

lc is called the Compton wavelength of the particle (the 
electron in this case)

M

Black hole, simplest case (see later):

rs

Schwarzschild radius

Another look at the Planck mass:
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So, the Compton radius decreases with mass, but the Schwarzschild
radius increases with mass. When are the two equal? 

I.e., how big must the mass be for the Compton radius to be smaller
than the Schwarzschild radius?This is when quantum gravity should
be important. 

(All details of particle properties are smeared out by quantum 
fluctuations on the order of the Compton wavelength or less, so for 
lc > rS the black hole properties should be unnoticeable.) We see

So, when the mass of an elementary particle is larger than the Planck
mass, its Compton radius is smaller than its Schwarzschild radius 
need quantum gravity! None exists yet … perhaps string theory??

For an electron,                        so quantum gravity effects are 
completely negligible. Same is true for all Standard Model particles.
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What is the natural scale of r? We saw that in quantum field
theory it is the cut-off mass scale when new physics appears. 
Simple dimensional analysis can also be used: If c=1, energy per 
unit volume becomes [r] = [M4]. The only mass scale in gravity is 
mPl, thus

Unless other guesses in physics based on dimensional analysis, this is 
a terrible prediction. The present-day energy density of the universe
is given by the measured Hubble constant (using k=0)

As we will see, today                        and with the measured value
of H inserted, one finds
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Summary. We have encountered one of the most severe problems of 
cosmology and particle astrophysics: Why is the cosmological constant so 
small, but still not zero? (By the way, nobody found a good reason that it 
should be exactly zero, anyway…)

Supersymmetry alleviates the problem somewhat, but there remains some
50-60 orders of magnitude difference with the observed value.

In cosmology the cosmological constant has a dramatic effect. Since it is 
related to the energy density of the vacuum, and the vacuum is growing due
to the expansion, it will eventually dominate completely. 

Matter is on the other hand diluted and becomes less and less important, 
and radiation is also diluted plus redshifted: 

We see that in the early universe (large redshifts), vacuum energy was
irrelevant. Now matter and vacuum energy are almost equal (why now?). In 
the future, the expansion rate will grow exponentially (Exercise: show this 
from the Friedmann equation).  
To expalin the smallness of  some people resort to (almost) non-scientific
reasoning: the anthropic principle, or the landscape of string theory vacua.



WMAP+ BAO

WMAP+ SN

WMAP+ BAO + SN

Baryon Acoustic Oscillations (BAO) SDSS, 
W. Percival & al. 2009 WMAP 7-year, Komatsu & al., 2010

NASA/WMAP Science Team, 2010

WMAP 7-year Sky Map, January 2010

 cosm. const.



73 %

22 %
5 %

All measurements so far are consistent with this cosmological model



Dark Matter
exists!

WMAP Collaboration (D.N. Spergel & al), 2006:


